We present a refinement of Alperin's Conjecture involving the blocks of the endomorphism algebra of the permutation module formed by the cosets of a p-subgroup. We prove the conjecture in two special cases where every weight module has a simple socle.
1. Statement of the Conjecture. Shortly after proposing his weight conjecture [2] , Alperin suggested, in seminars, that one approach towards tackling the conjecture would be to examine the endomorphism algebra End kG (kG/S) of the permutation kG-module kG/S. Here, k is an algebraically closed field of prime characteristic p and S is a Sylow p-subgroup of a finite group G. Naehrig [10] has supplied some empirical evidence to suggest that the simple socle constituents of the regular module of End kG (kG/S) may serve as an intermediate tool to relate the simple kG-modules with the weight kG-modules.
Recall, a weight kG -module is defined to be an indecomposable kG-module W such that, letting P be a vertex of W , then the kN G (P )-module in Green correspondence with W is the inflation of a simple projective kN G (P )/Pmodule. The weak form of Alperin's Weight Conjecture [2] asserts that the number of isomorphism classes of simple kG-modules is equal to the number of isomorphism classes of weight kG-modules. The block form of Alperin's Conjecture asserts that, given a block b of kG, then the number of isomorphism classes of simple kGb-modules is equal to the number of isomorphism classes of weight kGb-modules. By an easy application of Frobenius Reciprocity, every simple kG-module occurs in both the socle and the head of kG/S. The rationale for the study of End kG (kG/S) arises from the following observation of Alperin [2, Lemma 1], which tells us that, in particular, every weight kG-module occurs in both the socle and the head of kG/S. We deem all kG-modules to be finite-dimensional. A kG-module L is said to be connected provided End kG (L) has a unique block. It is easy to see that a direct summand L of a kG-module M is maximal among the connected direct summands of M if and only if L = eM for some block e of End kG (M ). When these equivalent conditions hold, we call L a proper component of M . Plainly, any kG-module is the direct sum of its proper components.
We say that a kG-module L lies in a kG-module M , written L M , provided that L is isomorphic to the image of a kG-endomorphism of a direct sum of finitely many copies of M . This is equivalent to the condition that there exists a direct sum M of finitely many copies of M such that L is isomorphic to a submodule of M and L is isomorphic to a quotient module of M . We say that M is accordant provided the number of isomorphism classes of simple kG-modules lying in M is equal to the number of isomorphism classes of weight kG-modules lying in M .
Using Lemma 1.1, it is not hard to see that, for any p-subgroup P of G, the weak form of Alperin's Conjecture holds for kG if and only if the permutation kG-module kG/P is accordant.
Conjecture 1.2. For any p-subgroup P of G, every proper component of kG/P is accordant.
The next three remarks are very easy and we omit the proofs. In the special case where P is trivial, Conjecture 1.2 is equivalent to the block form of Alperin's Conjecture. So the next result can be interpreted as saying that Conjecture 1.2 is a refinement of Alperin's Conjecture.
